A 3-parameter generalization of the Lunin-Maldacena background has recently been constructed by Frolov. This γ i -deformed background is non-supersymmetric. We consider strings in this γ i -deformed R × S 5 background rotating in three orthogonal planes (the 3-spin sector) in a fast motion limit, in which the total angular momentum J is assumed to be large. We show that there exists a consistent transformation which takes the undeformed equations of motion into the γ i -deformed equations of motion. This transformation is used to construct a Lax pair for the bosonic part of the γ i -deformed theory in the fast motion limit. This implies the integrability of the bosonic part of the γ i -deformed string sigma model in the fast motion limit.
Introduction
The original conjecture of Maldacena [1] , which was further elaborated in [2, 3] , claims a correspondence between string theory in an AdS 5 × S 5 background and N = 4 Super Yang-Mills (SYM) theory. It is well known [4] that one can construct a marginal deformation of N = 4 SYM theory to obtain an N = 1 superconformal SYM theory. These include the so-called β-deformations. Lunin and Maldacena have found gravity backgrounds which are conjectured to be dual to these β-deformations [5] . Evidence for this conjecture includes the matching of the energies of semi-classical strings to the anomalous dimensions of corresponding operators in the gauge theory [6] and a study of the pp-wave limit of the string theory together with an identification of the dual BMN operators [7, 8, 9] . Furthermore, the central charge was reproduced in the dual gravitational description and shown to be independent of the deformation parameter [10, 11] . This verifies on the string theory side that β-deformations are indeed marginal. Frolov was able to find a Lax pair representation for the β-deformed string theory in the case of a real deformation parameter β = γ [12] . The crucial insight in this work was that the Lunin-Maldacena deformation, in the case of a real deformation parameter γ, can be realized as a TsT transformation of the string action with shift parameterγ = √ λγ, where √ λ = R 2 and R is the radius of S 5 .
Frolov also constructed a non-supersymmetric γ i -deformed string theory by performing a series of three TsT transformations with shift parametersγ i = √ λγ i on the string action and conjectured a correspondence to a non-supersymmetric γ i -deformed SYM theory [12] . 1 Remarkably, this 3-parameter deformation also admits a Lax pair representation. Evidence for this proposed correspondence was given by Frolov, Roiban and Tseytlin [14] , who matched the semi-classical energies of strings to the anomalous dimensions of gauge theory operators using a γ i -deformed spin chain representation. Furthermore, agreement was also found between the string and gauge theory descriptions of open strings attached to unstable giant gravitons [15] . These comparisons are particularly interesting because any agreement found cannot be the result of supersymmetry on either side, since these γ ideformed string and gauge theories are non-supersymmetric. The special case of the γ ideformed background with equal shift parameters γ i = γ is the same as the β-deformed background with real β = γ.
The conjectured gauge/string theory duality is of the strong-weak coupling type with respect to the 't Hooft coupling. This makes comparison between the two sides difficult. In this regard, studying a semi-classical limit of the theory is surprisingly fruitful as it allows perturbative computations in the gauge theory to be matched to classical computations in the dual gravitational theory [16, 17] .
The semi-classical limit formulated and used in [6, 14, 18, 19, 20, 21, 22] , which will henceforth be known as the fast motion limit, will now be described in detail. We consider strings in R × S 5 rotating in three orthogonal planes (the 3-spin sector) and assume that the total angular momentum J is large. The string action in the fast motion limit is then obtained by isolating the "fast" angular coordinate (which corresponds to the total angular momentum), choosing a suitable gauge and assuming that the time derivatives of the radii and other "slow" angular coordinates are small (of orderλ = λ J 2 ). The gauge generally used is known as the non-diagonal uniform gauge and ensures that the angular momentum is spread evenly along the string (this makes comparison to the effective action of the corresponding spin chain on the gauge theory side possible).
The Lagrangian governing the dynamics of strings rotating in three orthogonal planes in the γ i -deformed R × S 5 background in the fast motion limit was derived in [14] and shown to be equivalent on the gauge theory side to the effective action of a γ i -deformed spin chain in the continuum limit (where the length of the spin chain J becomes large). Now, for the case of a similar Lagrangian in the undeformed background (which was originally derived in [20, 21, 22] , but was also obtained in [14] by setting γ i =0), the undeformed equations of motion are equivalent to a Landau-Lifshitz equation for which there is a known Lax pair representation [14, 21] . It is not known, however, whether the dynamics following from the γ i -deformed Lagrangian are integrable. In this article we will construct a Lax pair representation for the γ i -deformed equations of motion, thereby settling this issue.
In section 2 we review the undeformed case. The undeformed equations of motion in the fast motion limit are derived and shown to be equivalent to the zero curvature condition for the undeformed Lax pair. In section 3 we derive the γ i -deformed equations of motion and construct a transformation which takes the undeformed equations of motion into these γ i -deformed equations of motion. We then choose a suitable gauge for the undeformed Lax pair and use this transformation to derive a γ i -deformed Lax pair. A brief conclusion is then given in section 4 and some of the more lengthy calculations are included in appendices.
Strings in the Undeformed Background

Equations of Motion in the Undeformed Background
Let us consider strings in the undeformed R × S 5 background (at the center of AdS 5 ) rotating in three orthogonal planes. The total angular momentum is J = J 1 + J 2 + J 3 , where J i is the angular momentum associated with the i th angular coordinateφ i (where i=1, 2, 3). In the fast motion limit, where the total angular momentum J is large and the time derivatives of the radii and "slow" angular coordinates are assumed to be of order λ = 1 J 2 = λ J 2 , the string action to first order inλ (derived in [14] ) is
where the Lagrangian in the undeformed background is 2 2 It should be noted that henceforth the Einstein summation convention will not be used. All summations will be explicitly mentioned so as to avoid confusion.
The last term is a constraint term. Re-defining τ → 1 λ τ and L → − 1 λ L gives
3)
The equations of motion, obtained by varying with respect to r i andφ i respectively, are
5)
while varying with respect to the Lagrange multiplier Λ gives the constraint equation
Now, assuming this constraint is satisfied, the equations of motion (2.4) and (2.5) are equivalent to
Notice that the constraint term cancels out of equation (2.6).
Lax Pair in the Undeformed Background
A Lax Pair for this undeformed system [14] , which is a function of the spectral parameter x, is
9)
This satisfies the zero curvature condition [D 0 , D 1 ] = 0, which is equivalent to
The above equation results in the Landau-Lifshitz equation of motion [14, 21] given by
and, upon substitution of .7), which are equivalent to the undeformed equations of motion (see appendix A).
In terms of r i andφ i , the undeformed Lax pair is
and we define
3. Strings in the γ i -Deformed Background
Equations of Motion in the γ i -Deformed Background
We now generalize the previous results to strings in the γ i -deformed R × S 5 background, which are again rotating in three orthogonal planes. The Lagrangian for this γ i -deformed background in the fast motion limit (derived in [14] ) is
This γ i -deformed Lagrangian (again re-defining τ → 1 λ τ and L → − 1 λ L) can also be written, using the constraint
Varying the above Lagrangian with respect to r i and φ i and then using the constraint
r 2 i = 1, which can be obtained by varying with respect to Λ, gives the γ ideformed equations of motion
4)
Now, assuming this constraint is satisfied, the above equations of motion (3.3) and (3.4) are equivalent to
Transformation from the Undeformed Equations of Motion to the γ i -Deformed Equations of Motion
The transformation which takes the undeformed equations of motion into the γ i -deformed equations of motion iṡ
Now, for this transformation to be valid, we must have (φ i ) ′ = (φ ′ i )˙. Thus the compatibility condition, which must be satisfied, is
However, from the equation of motion (3.4), we know that
and thus
(3.11)
By setting i = 1, 2 and 3, and evaluating equations (3.9) and (3.11) separately (see appendix B), these equations can be shown to be the same. Thus the compatibility condition is automatically satisfied if the γ i -deformed equations of motion (and the constraint equation) are valid.
Lax Pair in the γ i -Deformed Background
Theγ i -deformed Lax pair shall now be derived from the undeformed one following a similar procedure to that discussed in [12] .
First theφ i -dependence of the undeformed Lax pair will be gauged away. The zero curvature condition is [D 0 , D 1 ] = 0, where D µ = ∂ µ − A µ with µ = 0, 1. This is equivalent to [M D 0 M −1 , M D 1 M −1 ] = 0, for any invertible matrix M , so we can change
Thus an equivalent gauged Lax Pair is
(3.13)
We shall take M = ie iφ i δ ij and thus M −1 = −ie −iφ i δ ij . Therefore it follows from equation (2.13) that the gauged undeformed Lax pair isD
and thus, using the definition of (B µ ) ij , we obtain
We can now make use of the transformation (3.7) and (3.8) to obtain the gauged
The zero curvature condition [D γ i 0 ,D γ i 1 ] = 0 is equivalent to (3.19) and the equations thus obtained from this gauged γ i -deformed Lax pair (see appendix C) are equations (3.5) and (3.6) , which are equivalent to the γ i -deformed equations of motion, and the compatibility condition, which follows directly from these equations motion.
Conclusion
In this paper we have considered strings in R × S 5 (at the center of AdS 5 ) rotating in three orthogonal planes in the non-supersymmetric γ i -deformed background, which was constructed in [12] using a series of three TsT-transformations. Our starting point has been the string action in the fast motion limit, in which the total angular momentum J = J 1 + J 2 + J 3 is large and we consider the leading order inλ = λ J 2 (derived in [14] ). This action is equivalent on the gauge theory side to the effective action of the corresponding γ ideformed spin chain in the continuum limit, in which the length of the spin chain becomes large [14] .
We have first reviewed the construction in [14, 21] of a Lax pair in the undeformed case. It was then demonstrated that there exists a consistent transformation which takes the undeformed equations of motion into the γ i -deformed equations of motion. This was used to construct a Lax pair describing rotating strings in the the γ i -deformed background. Thus it was shown that the γ i -deformed theory remains integrable in the fast motion limit.
A related topic for further investigation would be to attempt to calculate conserved quantities which follow from this Lax pair. Specifically one could try to construct the monodromy matrix and thus the quasi-momenta as a function of the spectral parameter for the undeformed and γ i -deformed theories in the fast motion limit. Another interesting point of discussion is the physical meaning of the transformation which was used to construct the γ i -deformed Lax pair.
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A. Derivation of the Equations of Motion from the Lax Pair in the Undeformed Background
A.1 Derivation of the Landau-Lifshitz Equation
The Lax pair is D µ = ∂ µ − A µ [14] , where
The equation which must be satisfied is
Note also that N satisfies the constraints Tr(N ) = 0 and N 2 = N + 2 [14, 21] , due to the
and thus, equating different orders in x,
Equation (A.6) follows from the constraint N 2 = N + 2 and equation (A.5) is equivalent to the Landau-Lifshitz equation of motion [14, 21] given by
A.2 Derivation of the Undeformed Equations of Motion in terms of r i andφ i from the Landau-Lifshitz Equation
The definition of N in component form is
and hence
from which it follows that
Now we use the Landau-Lifshitz equation (A.7) to obtain
Therefore, equating the real and imaginary parts of the above equation, we find that
which can be compared with equations (2.6) and (2.7), and thus seen to be equivalent to the undeformed equations of motion.
B. Compatibility Condition for the Transformation from the Undeformed Equations of Motion to the γ i -Deformed Equations of Motion
The compatibility condition for the transformation is
The γ i -deformed equation of motion (3.4) gives
First we shall evaulate
for i = 1, 2 and 3 as follows:
Now we shall determine
using the constraint 3 i=1 r 2 i = 1. We have thus show that {1} = {2} and therefore the compatibility condition follows from the γ i -deformed equations of motion.
C. Derivation of the Equations of Motion from the Gauged Lax Pair in the γ i -Deformed Background
The gauged γ i -deformed Lax pair isD
The zero curvature condition
must now be satisfied.
We substitute equations (C.1) and (C.2) into this condition and equate different orders of the spectral parameter x as follows:
O(x 0 ) : At zeroth order in the spectral parameter we obtain
and therefore Equation (C.8) can be written aṡ
Equations (C.9) and (C.11) are the same as equations (3.5) and (3.6) , and are thus equivalent to the γ i -deformed equations of motion.
O(x 2 ) : At second order in the spectral parameter, one obtains an equation which is trivially satisfied, again using the constraint 3 i=1 r 2 i = 1 and hence that 3 i=1 r i r ′ i = 0.
